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1. AKTyajIHOCT HAa TemMaTa

Teopusara Ha paBHOMEPHO pa3NpEAEICHUTE PEAULM Bb3HMKBA B Ha4aJoTo Ha XX BEK U ce
6a3upa Ha (YHKIMOHAIHM NPOCTPAHCTBA OT EKCIOHEHIMAaJeH BHJ. T craBa BakHa 4acT OT
TEOpHUATa Ha YHUCJIaTa ¢ MPUIIOKEHHs BbB (YHKIMOHAIHUS aHanu3. B kpas Ha MHHaIus BEK ce
HabmonaBa OypHO pa3BUTHE HAa Ta3W TEOPUS C MHOTOOPOWHM MPUIIOKEHUS B Pa3IMYHU HAaydHU
obnactu. ToBa pa3BUTHE JI0 TOJISIMA CTETICH CE ABJDKU Ha U3I0JI3BAHETO HA MHOTOMEPHH (S-MEpPHH)
KanTopoBu cuctemu B; ¢ mpomennuBu Oasucu. Te cimyxar 3a KOHCTpyHpaHE Ha ChOTBETHATa
¢ynkumonanHa cucrtema. Ha TakaBa (yHKIMOHAJIHA CUCTEMa U HEWHU MPUIOKEHUS € IOCBETEHA

IIpeJIcTaBeHaTa JucepTauusl.
AKTyaJHOCTTa Ha M3CJIeIBaHUATA c€ 00yClIaBsi OT TIOHE CIETHUTE ChOOPAKEHUS:

e C pa3sBUTHETO HAa KOMIIIOTBPHHUTE IPECMATAHMS KaueCTBOTO HA pA3NpPEICICHHE Ha
MaTeMaTU4eCcKu CTPYKTYPH U OOCKTH WUIpae Bce IMO-ToiisiMa poiisl. Taka HampuMep IMpU YHUCICHO
IpecMATaHE Ha MHOTOMEPHM HWHTErpajd, KOUTO BB3HMKBAT B aroMHarta (U3UKa WU

6I/IOMaTeMaTI/IKaTa, peuiaBaiia poJjsd UMa pa3noJIOKCHUCTO HAa HHTCTPAIMOHHUTE Bb3JIN;



e PasmpeneneHNeT0o Ha pEIUMIM W MPEXH KA4eCTBEHO CE H3pa3siBa 4Ype3 OICHKH Ha
CTICIMATHA MEpKHU. TaKuBa KJIaCHYECKH MEPKH Ca TUCKPETaHChT U AMa(OHHUSTA, KOUTO Ca OI[CHKH
3a HepaBHOMEpHOCT. [Ipu muckperusarus Ha (MHOTOMepHHU) obmacTu U 00paboTka HA OTPOMHO

KOJIMYCCTBO JAaHHU MOHATHUCTO KBASUPABHOMCPHOCT UT'pAaC MHOT'O CbIICCTBCHA POJIA.

Cunram, ye TeMaTHKaTa Ha AUCEPTALMOHHUS TPY/ € O€3CIOPHO aKTyalHa.

2. OO0 onucaHue HA MPeICTABEHUTE MaTePUAIH

[IpencraBeHUAT QUCEPTALIMOHEH TPYA € CTPYKTypHUpaH C yBOA, TpU IJIaBH, 3aKIIOYEHHE,
aBTOPOBHUTE BWXKJIAHUS 32 HAYYHUTE NPUHOCH, CIHMCHK Ha IyOJIMKALMUTE, CBBP3aHU C
IMCEePTALMOHHUS TPYA U 6ubnuorpadusi, B KOATO ca UIUTHPAaHU 67 u3TouHuKa.. O0musaT o0emM Ha
nucepramnusata € 190 crpanuiu. O4eBUIHO €, Y€ aBTOPBT € 3all03HAT ChbC ChBPEMEHHOTO CHCTOSIHUE
Ha pa3miexaaHara npodieMaTHKa.

ABtopedeparsT B 00eM OT 39 CTpaHHIIM U € HankcaH (CaMo) Ha aHITIHICKH e3UK. Toi oTpassiBa
KOPEKTHO ChIbPKAHUETO HA JUCEPTALUOHHUS TPYL.

OcBeH nucepTanoHHUS TpyA M aBropedepara, KbM JokyMeHTHTe Ha Enmu I[llabGanu ca
BKJIIOUEHHU Ol1[€ aBTOOMOrpadusi U 1B€ aBTOPOBU CTATHH, BbPXY KOUTO € IOCTPOEHA JUCEPTALUATA.
CraruunTe ca HanMcaHU U MyOJIMKYBaHU CbBMECTHO C Hay4HUs My pbkoBoauTels. EnHara oT Tax €

C UMIIAKT-(akrop.

3. HayyHu ¥ HayYHO-NIPHJIOKHHM NPUHOCH B THCEPTALMOHHUS TPY

OcHoBHUTE npuHOCH B nucepranusata Ha Envu [[labanu ca B TeopusiTa U NpUIOKEHHUATA HA
MaTeMaTU4YeCcKusl aHalu3 U aHaJUTHYHAaTa Teopus Ha yuciara. Llenta Ha paborara Moxe na ce
pe3roMupa 1o cieaHus HauuH: Jla ce KOHCTpyHpa QyHKIMOHAIHO IPOCTPAHCTBO [ 1 12 ce n3yyar
CBOICTBaTa M BPb3KaTa UM C PaBHOMEPHO pa3npeaeaeHuTe peauny. Hali-Ba)KHOTO IpUIIOKEHHE €
CBbp3aHO ¢ KBasu-MoHtTe-Kapno uHTErpupaneTo B S-MepHHs KyO. 3a JoKaszarelcTBara Ha
(bopMyIupaHUTE TBBPAEHUS Ca HEOOXOOUMHM 3aJbJIOOUEHH MaTeMaTHYECKH MO3HaHMs, KaKTo U

pa3HOOOpa3Ha TEXHHUKA.
IIle ce cnpa mo-moApOOHO Ha MPUHOCHUTE B AUCEPTALUOHHUS TPYL.

I'naBa mbpBa MMa cniomarateneH Xapakrep. TyK ce pasmiexJarT IbJIHU OPTOHOPMHpAHH

CUCTEMH, KOMTO c€ KOHCTpyupar upe3 KanropoBu umcinoBu cucreMu. TakuBa ca Hampumep



¢byuknuuTe Ha Yo, Ha BuneHkuH 1 MHOro Ipyru. Ha TakbB Tun yHKIIMOHATHO MPOCTPAHCTBO

€ MMOCBCTCH U MPCACTABCHUA NUCCPTAINOHCH TPYI.

B Ta3u riaBa noapoOHO ce onucBa nosiBaTa v pa3BUTHETO HAa GYHKIIMOHATHOTO MPOCTPAHCTBO

FBS.Hpe,Z[CTaBeHI/I ca HGO6XOI[I/IMI/IT€ 3a IIO-HATaTbIMHO H3CICABAHC IIOHATHUA H I[Gq)I/IHI/II_[I/II/I.

Jlanenu ca BaxHU (aKTH OT TEOpUSITA Ha PAaBHOMEPHO pasmpesneracHuTe peauiu (maparpad 1.4),
KaKTO W Ye€CTO M3TOJI3BAHUS B CIICBAIIUTE IJIAaBM HHTErpaJIeH KpuTepuid Ha Baiin 3a paBHOMepHa

pasnpeneIcHoCT.

B I'lmaBa BTOpa ce NpeCcTaBsAT pe3yraTy 3a Bpb3Kara Mexay GyHkuuute or [ 1 Teopusra
Ha PaBHOMEPHO pa3NpeneieHuTe peaul. 3a 1enTa € neuHUpaH MHOTOMEpeH MOIUHUIMpaH
uHTerpaj or Bs-nuau ¢pyHkuuu. [TokazaHu ca mpuiIoKeHUs Ha Te3U UHTETPaId B KOJIMYECTBEHATa
U KauecTBEHATa TEOpHs Ha PaBHOMEPHO paslpeleNieHUTe penuiy. B Ta3m miaBa 6MX MOTBI Aa

oTiin4a CJICAHUTC YCTUPHU IIPUHOCA:

- Upes BbBEACHA HOBA TEXHHUKA Cce JI0Ka3Ba HepaBeHCTBOTO Ha JIboBek (Teopema 2.1). Toa
HEPAaBEHCTBO J1aBa OLICHKA OTTOpE Ha EKCTPEMAaJHMs AMCKPENaHC Ha MPOM3BOJIHA €JHOMEpHaA
MpeXxa B TEPMUHHUTE Ha MOIUGULIMPAHUTE UHTETPAIIH;

- Jloxa3ana e popmynara Ha Kokcma, KoATo npesicTaBs KBaApaTUUHUS TUCKPENIaHC Ha S-MepHa
MpeXxa B TEpMUHHUTE Ha MOTU(UIMpaHuTe HHTErpayn oT Bg-munute pynkuuu (Teopema 2.2);

- OCHOBHMAT pe3yiTar BbB BTOpa INlaBa € HepaBeHCTBOTO Ha Epnapom-Typan-Kokcma. Toit
OLICHsBA KBAJpPAaTUYHUS IUCKPENAHC Ha NPOM3BOJIHA S-MEpHA MpeXka d4pe3 KpailHa cyma oT
BbBEJICHUTE MOIUGUIIMPAHU UHTErPAJIM U OCTAaTh4YEH WIEH, HA KOWTO € HallpaBeHa HeTPUBHAIIHA
orierka orrope (Teopema 2.3);

- Hakpas e 1oka3zaHO €1HO HOBO HEOOXOAMMO M JIOCTaThYHO YCJIOBHE 32 PABHOMEPHOCT Ha

penuna. ToBa e eqHa MOAM(UKALIMS HA UHTETpaTHUS KpuTepuil Ha Baii.

1300110 B Isi1aTa BTOpA IV1aBa CE ChBPIKAT AICHH NPUIIOKEHHUs Ha pyHKIMK oT ['p B TeopusTa
Ha PaBHOMEPHO PA3IpPEACICHUTE PEAULIN U MPEXKHU.

B I'maBa Tpera ca HampaBeHM pelnulia NMPHIOKEHUS HA Bg-wdHUTE QYHKIUHM B TEOpUATA U
MpakTUKaTa Ha kBasu-MoHTe-Kapimo mHTErpupaHeTo B TEIIOBHM XWJIOEPTOBH IPOCTpaHCTBA. B
TE€3M INPOCTPAHCTBA CPENHOKBAIpATUYHATA TIPEUIKA OH MHTETPUPAHETO CE€ OCHOBaBa Ha

HU3II0J3BAHCTO HA BS-I/I‘-IHaTa ApUTMCTHKA, PAa3BUTA B ITbPBA ITIaBa HA JUCCPTaLlUATA. M3non3sana e



oOmiara KOHCTpyKuuss Ha J1Ba kiaca CoOoneBu mpocTpaHCTBa. ToBa ca Taka HapeyeHHUTE
HE3aKOTBEHH W 3aKoTBeHU TernioBu CoOoneBu mpocTpaHcTBa. M B aBara cimyuasi ca U3BEIEHHU
(dbopMynH B SIBEH BHJI 32 CPETHOKBAApATHYHATA TPEIIKA IPH UHTETPUPAHE B T€3H MPOCTPAHCTBA.

Taka noxydeHuTe pesyararu 3a kBazu-MoHTte-Kapiio unterpupane ca MOTUBUpAIU aBTOpa J1a
neduaupa nBa HoBW Tumna nuadonus. ToBa ca He3aKOTBEHa W 3aKOTBEHA TEIIOBa JUA(OHMS.
Jlokazano e, ve Te3n auadoHMM ca KOJIWYECTBEHW MEPHKH 32 HEPAaBHOMEPHOCTTA Ha
pas3mpenereHHeTo Ha PeIUIIH.

OcHOBeH mNpUHOC B Ta3W TIJlaBa €, CHOpEeJ MEH, 4Ye Ce JaBa SBHA Bpb3Ka MEXIY
CpeIHOKBaApaTHyYHaTa Tpellika Ha UHTerpupaHe B JABara Tuna Co0ojieBU MPOCTPAHCTBA U HOBUTE
TUTIOBE Ha TUAOHUSATA.

Hakpas Oux uckan jga momguepras, 4ye aBTOPHT HA JUCEPTALUOHHHS TPYJ € MPEOAOISIT HIKOU
CEPUO3HU TEXHUYECKHM TPYAHOCTH M € JEMOHCTpUpan Ao0po MO3HABaHE Ha CHBPEMEHHHTE
TEHJCHIIMH B 00J1aCTTa Ha pa3NpeesIeHUeTO Ha peaui U Mpexu. [IpeTeHInTe My 3a MPUHOCHUTE,

H3JI0KCHU B Kpas Ha JUCCPTALMOHHUA TPy, Ca pCAIUCTUIHU.

4. IlyGamukanum no JucepTanuoHHUS TPYA
JIOKTOpaHTHT WMa JBE IyOJUKAIMHM IO JUCEPTAIMOHHHS TPYJd, ChbBMECTHU C HAyIHHS
pbproBOAUTEN. Te oTpa3aBar nocTa MBJIHO ChbpxkaHueTo Ha [1aBa 2 u [1aBa 3. Enna ot crarunte

€ C UMIAKT-(aKTop.

5. Ilpenenka Ha aBTopedepara

ABTOpedeparbT OyKBaJIHO MOBTApsl CTPYKTypaTa Ha JUCEpTalMOHHUA TpyH. Toi mpaBMIIHO
OTpa3sBa OCHOBHUTE MOJOKEHNS U HAYYHUTE IPUHOCH Ha JEcepTaloHHus Tpya. He mora na He
HOAYepTas, 4e € HarMcaH MHOTO HETPAAUIIMOHHO, KaTO CaMO MPEMICBa Pe3yATaTUTE U HE MOXKE 1a
ce pa3Iiex/ia KaTo OTJesIeH CaMOCTOEH Hay4eH JoKyMeHT. bu 6o no6pe na uma u aBropedepar,

HamMcaH Ha ObJIrapCcKH e3MK.

6. JIMuHHM BHeYaTIeHHS

He no3naBam 1u4HO aBTOpa Ha AUCEPTALMOHHUS TPYA. EAMHCTBEHO N3BECTHO MU €, Y€ Isij1aTa
My JoceraniHa npodecruoHaiHa JIEHHOCT € CBbp3aHa ¢ MaTeMaTukara. [lo3HaBaM paboTuTe U Ha
JIpYrd JOKTOpaHTU Ha nol. Bacui ['po3naHoB U Mora OTTOBOPHO J1a TBBPAS, Y€ TOW € U3TPAIHII
no0pa Hay4YHA MIKOJIa B 00NacTTa HA MaTeMATUYECKUS aHAIHM3 C PE3YITATH, MOJIYYHIIA CBETOBHO

MpU3HAHHE.



7. KpuTnuHu 0ejie’KKU U MPenopbKU

Ha nmpenBaputennara 3amura 0sixa OTIPaBEHU HECHITACTBEHH 3a0€NeKKH, KOUTO Ca B3ETH
npeaBug OT JOKTOpAHTA. Ot JAOKYMCHTHUTC, KOUTO MU 6$IX21 npeacTaBCHu, HC € BUJAHO HAJIA Envmu
[ITaGanu e yyacTBana B HayYHU KOH(GEPEHIIMU U CeMUHapH. bux mpenoppyan Ta3u anpoOarimoHHa
JEMHOCT Ja 3aJIeTHe KaTo BayKHa 4yacT OT HayyHaTta My pabota. CunuTaM Chlll0, Y€ KaHIUJAThT UMa

KararuTeT J1a 3aCHJIA CBOSITA IMTyOIMKAIIMOHHA JEHHOCT.

8. 3akirouenue

IIpenBua ropensnokeHOTO MOKE Ja CE€ HallpaBU U3BOABT, Y€ NPEACTABEHUAT IUCEPTALIMOHEH
tpyn ,,Pynkuuonannara cucreMa [ ¥ HAKOM HEHHM TPUIOKEHHS HAIBJIHO YIOBJIETBOPSBA
m3uckBanusaTa Ha 3PACPB u IlpaBunnuka 3a npunoxkenne Ha 3PACPB, kakTo u cienupuaauTe
n3nckBanus Ha lOrosamanen ynuBepcuter ,,Heopur Puiicku” — bnaroesrpazn. 3atoBa Moero
MHEHHE € ,,3A* 1 yOeaeHO IpenopbuBaM Ha HayYHOTO XKYpH Ja MPEAoKu Aa Obae NPUChIeHA
Ha Envu [ITabanu oOpaszoBarenHa u Hay4dHa cTereH ,,JIokTop® B oOmact Ha BUCIIe 00pa3oBaHue: 4.
[Ipupognu Hayku, MmareMaTuka u nHopmaruka, [Ipodecnonanno nanpasnenue: 4.5 Maremaruka

(Maremaruuecku aHaIu3).

10. 11. 2025 . PeneH3eHT: oo
I'abpoBo /mpod. nmu A.B. Aunpees/
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1. Relevance of the topic

The theory of uniformly distributed sequences emerged at the beginning of the 20th century
and is based on functional spaces of exponential type. It became an important part of number theory
with applications in functional analysis. At the end of the last century, this theory underwent rapid
development with numerous applications in various scientific fields. This development is largely
due to the use of multidimensional (s-dimensional) Cantor systems B, with variable bases. They
serve to construct the corresponding functional system. The presented dissertation is devoted to

such a functional system and its applications.
The relevance of the research is determined by at least the following considerations:

* With the development of computer calculations, the quality of the distribution of
mathematical structures and objects plays an increasingly important role. For example, in the
numerical calculation of multidimensional integrals that arise in atomic physics or biomathematics,

the location of the integration nodes plays a crucial role;



* The distribution of sequences and nets is qualitatively expressed by estimates of special
measures. Such classical measures are discrepancy and diaphony, which are estimates of
nonuniformity. In the discretization of (multidimensional) areas and the processing of huge

amounts of data, the concept of quasi-uniformity plays a very important role.

I believe that the topic of the dissertation is undoubtedly relevant.

2. General description of the materials presented

The dissertation is structured with an introduction, three chapters, a conclusion, the author's
views on scientific contributions, a list of publications related to the dissertation, and a bibliography
citing 67 sources. The total volume of the dissertation is 190 pages. It is evident that the author is
familiar with the current state of the issue under consideration.

The abstract is 39 pages long and is written (only) in English. It accurately reflects the content
of the dissertation.

In addition to the dissertation and the abstract, EImi Shabani's documents also include a CV
and two papers by the author on which the dissertation is based. The articles were written and
published jointly with his academic supervisor. One of them has an impact factor.

3. Scientific and applied scientific contributions in the dissertation

The main contributions in EImi Shabani's dissertation are in the theory and applications of
mathematical analysis and analytical number theory. The aim of the work can be summarized as
follows: To construct a functional space I’z and to study its properties and their connection with
uniformly distributed sequences. The most important application is related to quasi-Monte Carlo
integration in the s-dimensional cube. Proving the formulated statements requires in-depth

mathematical knowledge and a variety of techniques.
| will discuss the contributions in the dissertation in more detail.

Chapter 1 is of an auxiliary nature. It examines complete orthonormal systems constructed
using Cantor number systems. Examples include Walsh functions, Vilenkin functions, and many

others. The presented dissertation is also devoted to this type of functional space.



This chapter describes in detail the emergence and development of the functional space I'g_. .
The concepts and definitions necessary for further research are presented. Important facts from the
theory of uniformly distributed sequences (paragraph 1.4) are given, as well as Wayl's integral

criterion for uniform distribution, which is frequently used in the following chapters.

Chapter 2 presents results on the connection between functions from I's. and the theory of
uniformly distributed sequences. For this purpose, a multidimensional modified integral of
B, —functions is defined. Applications of these integrals in the quantitative and qualitative theory
of uniformly distributed sequences are shown. In this chapter, I could distinguish the following

four contributions:

A new technique is introduced to prove the Le Veque inequality (Theorem 2.1). This
inequality gives an upper bound on the extreme discrepancy of an arbitrary one-dimensional

net in terms of modified integrals.

The Koksma formula, which represents the quadratic discrepancy of an s-dimensional net

in terms of modified integrals of Bg-functions, is proven (Theorem 2.2);

- The main result in Chapter 2 is the Erdés—Turan—-Koksma inequality. It estimates the
quadratic discrepancy of an arbitrary s-dimensional net by a finite sum of the introduced
modified integrals and a residual term, for which a non-trivial upper bound is given
(Theorem 2.3);

- Finally, a new necessary and sufficient condition for the uniformity of a sequence is proved.

This is a modification of Wayl's integral criterion.

In general, the entire second chapter contains clear applications of functions from I's_in the
theory of uniformly distributed sequences and nets.

Chapter 3 presents different applications of B-functions in the theory and application of
quasi-Monte Carlo integration in weighted Hilbert spaces. In these spaces, the mean square error
of integration is based on the use of B, arithmetic, developed in the first chapter of the dissertation.
The general construction of two classes of Sobolev spaces is used. These are the so-called
unanchored and anchored weighted Sobolev spaces. In both cases, explicit formulas are derived

for the mean square error in integration in these spaces.



The results obtained for quasi-Monte Carlo integration motivated the author to define two new
types of diaphony. These are unanchored and anchored weighted diaphony. It has been proven that
these diaphonies are quantitative measures of the non-uniformity of the distribution of sequences.

In my opinion, the main contribution of this chapter is that it establishes a clear relation
between the mean square error of integration in the two types of Sobolev spaces and the new types
of diaphony.

Finally, I would like to emphasize that the author of the dissertation has overcome some serious
technical difficulties and has demonstrated a good knowledge of contemporary trends in the field
of sequence distribution and nets. His claims for the contributions set out at the end of the

dissertation are realistic.

4. Publications related to the dissertation
The PhD student has got two publications related to the dissertation, co-authored with the
scientific supervisor. They reflect quite comprehensively the content of Chapter 2 and Chapter 3.

One of the papers has an impact factor.

5. Assessment of the abstract

The abstract literally repeats the structure of the dissertation. It correctly reflects the main
points and scientific contributions of the dissertation. | must emphasize that it is written in a very
unconventional manner, merely copying the results, and cannot be considered a separate,

independent scientific document. It would be good to have an abstract written in Bulgarian.

6. Personal impressions

I do not know the author of the dissertation personally. All I know is that his entire professional
career to date has been related to mathematics. | am familiar with the work of other doctoral
students of Assoc. Prof. Vasil Grozdanov, and | can confidently say that he has established a strong
scientific school in the field of mathematical analysis with results that have gained worldwide

recognition.

7. Critical remarks and recommendations
During the preliminary defense, minor comments were made, which were taken into account
by the PhD student. From the documents presented to me, it is not clear whether EImi Shabani has

participated in scientific conferences and seminars. | would recommend that this approval activity



be included as an important part of his scientific work. 1 also believe that the candidate has the

capacity to strengthen his publication activity.

8. Conclusion

In view of the above, it can be concluded that the presented dissertation thesis "The Functional

System I';_and Some of Its Applications™” fully meets the requirements of the ZRASRB and the

Regulations for the Application of the ZRASRB, as well as the specific requirements of South-
West University "Neofit Rilski" — Blagoevgrad. Therefore, my opinion is POSITIVE and |
strongly recommend that the scientific jury propose that EImi Shabani be awarded the educational
and scientific degree of "Doctor" in the field of higher education: 4. Natural Sciences, Mathematics,

and Informatics, Professional Field: 4.5 Mathematics (Mathematical Analysis).

10.11. 2025 Reviewer: .......ccoovviiiin..
Gabrovo /Prof. DSc A.B. Andreev/



