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OsIX OIpe/ICIICH 3a PEIICH3EHT.

1. OO0 onMcaHue HA MATEPUAJINTE HA TUCEPTANUATA

Hucepranusra Ha r-H [1labanu e BbB BaykHA 001aCT HA MaTEeMaTUYECKUS aHAIIN3,
KOATO MMa MHOTO Ba)XHU MPUJIOKEHUSI TEOPHSITA HA PABHOMEPHO pa3NpEe/IeICHUTE
pEANIIM, KAaKTO U B METOAUTE 32 MHTETPUPAHE HA (PYHKIMHU HA MHOTO MPOMEHIIVBH.
Ta3u yact OT MaTeMaTUYECKUSl aHAJIU3 MMa BaXKHO 3HAYEHUE 33 NMPUPOJAHUTE HAYKU,
CBBP3aHU C U3CICABAHE HA CIOXKHU (U3HYHUA U OMOJIOTHYHU CUCTEMHU.

[Ipu oueHka Ha AUCEPTAMOHHUS TPYIl, ONPEETSAIIM ca YCIOBUATAa HA 3aKoHa
3a Ppa3BUTHETO Ha akageMu4yHus chcTtaB B PenybOmmka boearapus (3PACPB),
[IpaBunuukbsT 3a mnpuwiaranero My (IToctanoenenne No 202 ot 10.09.2010,

M3MEHEHUATa U AombiHeHusTa my JIB. 6p. 15 ot 19.02.2019), xakro 1 BbTPEIITHU-



te [IPABUJIA 3A PABBUTUE HA AKAJIEMUYHNA CHCTAB B FO3Y ,, HEO®UT
PUJICKN".

[IpenacraBeHUAT AUCEpTAIMOHEH TPYH € IpeicTaBeH B 00eM oT 189 crangapTHu
cTpanuny. JlucepranusTa chabpka YBOI, TPU TPaBH, MPUHOCH HA aBTOPA, CITUCHK C
myONMMKaIMUTE Ha aBTOpa, CBbP3aHU C IUCEPTAIUATA U IIUTUPAHA JINTEPaTypa.

['maBa bpBa MMa MOMOIIEH XapakTep 3a aucepranusara. Tyk ca nepuHUpaHd u
NOKa3aHW CBOMCTBaTa Ha TPU OPTOHOPMHUpPAHU (YHKIMOHAIHH CUCTEMH — TE3HW Ha
Yomm ¢yHknuuTe ipu ocHoBa b, dyHkimuTe Ha Buienkun u ${\cal B} s-$uunute
¢yHKIMU, KOoHCTpyupanun B KaHtopoBm cuctemu. OCHOBHA 3a AuWcCEpTaluiTa €
$\Gamma {{\cal B} s}$ dyHknuonamnara cucrtema. B npyrure npe miaBu, KbJIETO ca
NPEJCTABEHH OCHOBHHUTE pE3YJITaTH Ha JHCepTaluAaATa, TS € H3I0JI3BaHA KaTo
MHCTPYMEHT 3a TEOPETUYHOTO M3CJICIBAHE HA pa3mIekKIaHUTE HAydHH mpooieMu. Tyk
¢ nepunupana ${\cal B} s-$uuyHara apuTMeTMKa M ca IOKa3aHU CBOMCTBaTa Ha
¢yuakuuure ot $\Gamma {{\cal B} s}$ cucremara mo orHomeHue Ha Hes. Ta3u
apUTMETHKA € MOCIYXHUja 3a OCHOBA 3a Je()UHUPAHOTO MOHATHE CPETHO KBaIpaTuyHa
rpelika Ha HWHTerpupaHeTo B XwiOepToBH MpocTpaHcTBAa. B Tasum miaBa  ca
NpeICTaBaHU HAKOM TIOHATHS M TBBPACHHUS OT TeOopHUsiTa Ha PaBHOMEPHO
pasmnpezaenenuTe penuiu. /{ageHo e 0OCHOBHOTO OMpe/eieHHe 3a TOBa €IHA peAnIa J1a
ObZlc paBHOMEPHO pa3mpesesieHa, MOKa3aHW Ca MHTETPATHHUS U EKCIIOHCHIIMATHUS
kputepuii Ha Baiin. JlepuHupanu ca HAKOM KOJIMYECTBEHH XapaKTCPUCTUKH 32
HEPaBHOMEPHOCTTA Ha Pa3NpEACICHUETO Ha PEAUITP KOUTO CJIE]] TOBA Ca TEOPETUIHO
W3CIIeIBAaHU BB BTOpA IJIaBa Ha TUCEPTAIIHUATA.

B I'maBa BTOpa Ha nucepramnusaTa aBTOpbT AehUHUpA TOHSITHETO MHOTOMEPEH
Momuduimpan uHTerpan ot ${\cal B} s-$munurte QyHKIMHTE © ca MpEACTaBCHH
penuIia MPUIOKEHUS Ha TE3W MHTETPAIH B KOIMYECTBEHATA M KaYeCTBEHATA TEOPHS HA
PaBHOMEPHO Pa3MPEICTUTE PEIUIIH.

HepaBenctBoro Ha JIbOBEeK € egHa  OIEHKA OTIOpe Ha EKCTPEMaTHHS
JTUCKpPENaHC Ha TMPOWM3BOJIHA €THOMEPHA MpeKa B TEPMUHUTE HA BBBEICHUTE

Momuduipany uaTerpainu ot ${\cal B} s-$wunure ¢pynkium. [lo cera He € U3BECTCH



MHOTOMEPEH aHaJor Ha TOBa HEpaBEHCTBO. I B TO3M cMHUCHII, CaMO HEPABHCTBOTO Ha
JIboBEK, CBBP3aHO C €HOMEPHU PEAULH, € OMII0 B3MOXKHO J1a CE MPECTABH.
@®opmynata Ha Kokcma mpencrtaBisBa — MpeACTaBSHE Ha KBaJApaTUYHHS
IUCKPETaHC Ha TMPOM3BOJHA S-MEpPHA MpeXa B TEPMHHHUTE Ha MOIU(DUIIMPAHHUTE
uaterpanu ot ${\cal B} s-Smunute ¢ynkumu. To cmeq ToBa € M3MON3BaHO 3a

JI0Ka3BaHe Ha HepaBeHCTBOTO Ha Epawomui-Typan-Kokcewma.

HepaBenctBoro Ha Epppom-Typan-Kokcma e knacuyecku pesynrar Ha
KOJIMYECTBEHATa TEOpHUsl Ha PABHOMEPHO pas3IpeiesieHuTe peauiiu. B nucepranmoHaus
Tpyn HepaBeHcTBO Ha Epnpomi-Typan-Kokcma mnpexacraBisBa oOlleHKa OTrope Ha
KBaJ[paTUYHUSA  JIUCKPENaHC Ha MPOM3BOJIHA S-MEpHA MpeXka B TEPMHUHHUTE Ha
BbBe/leHUTe Monuduupanu uaTerpanu ot ${\cal B} s-$uuynnure pynknuu. B ToBa
HEPABEHCTBO CYMHUPAHETO € HW3BBPIICHO HaJ KpalHW CyMH OT TE€3UW WHTErpaju.
HanpaBeHa e orieHKa OTrope Ha OCTaThY€HMsI WIEH, KOWTO Ce MOoJlyyaBa OT 3aMsHara

Ha Oe3KkpaifHaTa ¢ KpaifHa cyMma.

WNHrerpannusar kputepuil Ha Bailn e pe3ynTrar oOT KayecTBEHaTa TEOpHUsl Ha
PaBHOMEPHO pa3mnpeneeHuTe peauiy. Tol mpencTasisBa €IHO HOBO HEOOXOIUMO H

JOCTaThYHO YCJIOBHE, 32 TOBA €/IHA peaulia Aa Obie paBHOMEPHO pa3IpeiciicHa.

B rmaBa tpera, ${\cal B} s-$Swunute QpyHKIMM ca U3MOI3BaHM 3a pellaBaHE HA
3a/laun, CBBbp3aHu C KBa3u-MoHTe Kapno uHTErpupaHeTro B TEIIOBH XWIOEPTOBU
npoctpanctBa. Karo ce m3mnom3Ba pa3Butara ${\cal B} s-$uuna apurmeruka, e
BBBECHO MOHATHUETO CPETHO KBaJIpaTUyHa IPellika Ha MHTETPUPAHETO B XMIOEPTOBU
mpocTtpaHcTBa. Pasrienanu ca aBa kiacudecku mpumepa Ha ternoBu CobOoseBu
MPOCTPAHCTBA — T. H. HE3aKOTBEHU W 3akoTBeHUW (CoOosieBM mpocTpaHcTBa. ToBa ca
no0pe W3BECTHU B JHTEpaTypaTa PyHKIIMOHAIHU MPOCTPAaHCTBA. B mucepranmnonHus
tpyn ${\cal B} s-$uunure (yHKIMM ca W3MOJ3BaHM 3a HM3JICIBAHETO HA CPEIHO
KBaJpaTUyHa I'PelllKa Ha MHTErPUPAHETO B Te3U MpocTpaHcTBa. [lokazanu ca popmynu

B SIBEH BU/I 32 HES B TEPMUHUTE HA TPUTOHOMETPUUHUTE (DYHKIHMH OT T€3U QYHKIIUH.



Kato ce m3non3Bar pesyiararute, MOIYYCHH 3a CPEIHO KBaJApaTHIHA TPEIlKa Ha
MHTETPUPAHETO B TE3U MPOCTPAHCTBA, ca Ae(UHUPAHU JIBa HOBH TUIA HAa AHAPOHUATA
— T. H. “anchored” (3akorBena) and anchored weighted diaphony. Haii-Baxuust
pe3ynTar € 4e € moKa3aHo, 4e Te3U JBa HOBU TUIA HA JUAPOHUATA Ca KOJIMYECTBEHU
MEpPKH 32 HEPaBHOMEPHOCTTA Ha PAa3MpPEACICHUETO Ha PEAHIIH.

B Ta3u raBa Ha qucepTanysaTa CpeIHo KBaApaTuyHa Tpelka Ha MHTETPHUPAHETO
B nBarta tumna Co0oseBr MPOCTPaHCTBA M HOBUTE THIOBE Ha quadoHusTa - unanchored
and anchored weighted diaphony ca cBbp3aHu momexay cu.

ABTOpe(depaThT MPaBWIHO OTpa3siBa OCHOBHHUTE pE3yNTaTH, TOJYyYeHU B

nuceprauudra. Jucepranusata u aBropedeparbT ca 100pe ohopMEeHH U MPABUIHO

CTPYKTYpHUpaHH.

Ilpunocure B 1ucepranusTa ca (opMyaupaHu SICHO M Ha J00poO

npodecruoHaIHO HUBO.

3akurouenne: Karo ce B3eMme 1oJ BHUMaHUE MPEACTABEHUTE PE3YJATaTH Ha
JAUcepTanusaTa MorarT Jia ce HalpasAT CJICIHUTE U3BOAM:

[IpenocrtaBeHUsAT aUCEpPTAIMOHEH Tpyd, MyOJUMKAalMUTE HA aBTopa W
dbopMyaupaHUTe TPUHOCH UMAT BCHYKHU OCTOMHCTBA U CUUTaM, Y€ ChOTBETCTBAT HA
HATBJIHO HAa M3HMCKBAHUATA 3a MPHUA0OMBAaHE HA HAay4yHa CTEINEH ,,JJOKTOP ChITIACHO

3aKoHa 3a HayYHUTE CTETICHU M HaydyHUTE 3BaHUs B PenmyOnuka brarapus.

JlaBaM MOJIOJKUTEJIHA OLlEeHKA HA JMCEPTAIIMOHHMS TPYJ U IpeairaM aa Obie
cTapTHpaHa MpoIeaypa 3a MIpUChKIaHe Ha 00pa3oBaTelIHaTa M Hay4YHa CTEIICH “IOKTOP”
Ha Enmu [llaGanu, JOKTOpaHT Ha CaMOCTOsITEJHA MOJATOTOBKAa Mo MareMaru4ecKu

aHanm3 B Katenapa ,,Marematnka u @usuka“ Ha FO3Y ,,Heodurt Puncku* - bnaroesrpan.

28.10.2025 [Moamnuc:
Codus /mpod. n.H. UBan {umos/



REVIEW

by Prof. Dr. Ivan Tomov DIMOYV, Institute of Information and Communication
Technologies - BAS of the dissertation work of
Mr. Elmi Shabani, doctoral student in an independent form of study for acquiring the
educational and scientific degree
"doctor" in the doctoral program "Mathematical Analysis", professional field 4.5.
Mathematics, field of higher education 4. Natural sciences, mathematics and
informatics on the topic:

“THE FUNCTION SYSTEM I'B AND SOME OF ITS APPLICATIONS*

According to Order No. 2193/30.09.2025 of the Rector of the South-West
University “Neofit Rilski”’-Blagoevgrad, Prof. Dr. Nikolay Marin, [ have been
appointed as a member of the scientific jury in connection with the procedure for
acquiring the educational and scientific degree “doctor” in professional field 4.5.
Mathematics, field of higher education 4. Natural sciences, mathematics and
informatics by Elmi Shabani. At a meeting of the scientific jury on 08.10.2025, I was

appointed as a reviewer.

1. General description of the materials of the dissertation

Mr. Shabani's dissertation is in an important area of mathematical analysis,
which has very important applications in the theory of uniformly distributed series, as
well as in methods for integrating functions of many variables. This part of
mathematical analysis is of great importance for the natural sciences related to the
study of complex physical and biological systems.

When evaluating the dissertation, the conditions of the Law on the Development
of the Academic Staff in the Republic of Bulgaria (ZRASRB), the Regulations for its
implementation (Decree No. 202 of 10.09.2010, its amendments and supplements SG.
No. 15 of 19.02.2019), as well as the INTERNAL RULES FOR THE
DEVELOPMENT OF THE ACADEMIC STAFF IN THE SWU "NEOPHYT
RILSKI" are decisive.



The presented dissertation is presented in a volume of 189 standard pages. The
dissertation contains an Introduction, three appendices, contributions of the author, a

list of the author's publications related to the dissertation and cited literature.

Chapter one is of an auxiliary nature for the dissertation. Here the properties of
three orthonormal functional systems are defined and shown — those of the Walsh
functions in basis b, the Vilenkin functions and the ${\cal B} s-$-ish functions
constructed in Cantor systems. The $\Gamma_{{\cal B} s}$ functional system is the
basis for the dissertation. In the other two chapters, where the main results of the
dissertation are presented, it is used as a tool for the theoretical study of the scientific
problems under consideration. Here the ${\cal B}_s-$-ish arithmetic is defined and the
properties of the functions from the $\Gamma_{{\cal B} s}$ system with respect to it
are shown. This arithmetic served as the basis for the defined concept of the mean
square error of integration in Hilbert spaces. This chapter presents some concepts and
statements from the theory of uniformly distributed series. The basic definition of a
series being uniformly distributed is given, the integral and exponential Weyl criteria
are shown. Some quantitative characteristics of the non-uniformity of the distribution
of a series are defined, which are then theoretically investigated in the second chapter

of the dissertation.

In Chapter Two of the dissertation, the author defines the concept of a
multidimensional modified integral of ${\cal B} _s-$-s functions and presents a number
of applications of these integrals in the quantitative and qualitative theory of uniformly

distributed series.

Loweck's inequality is an upper bound on the extremal discrepancy of an arbitrary one-
dimensional network in terms of the introduced modified integrals of ${\cal B} s-$-
dimensional functions. Up to now, no multidimensional analogue of this inequality is
known. And in this sense, only Loweck's inequality related to one-dimensional series

has been possible to represent.



The Koksma formula is a representation of the quadratic discrepancy of an arbitrary s-
dimensional network in terms of the modified integrals of ${\cal B} s-$-dimensional

functions. It was then used to prove the Erdos-Turan-Koksma inequality.

The Erdos-Turan-Koksma inequality is a classical result of the quantitative theory of
uniformly distributed series. In the dissertation, the Erdés-Turan-Koksma inequality is
an upper bound on the quadratic discrepancy of an arbitrary s-dimensional network in
terms of the introduced modified integrals of ${\cal B} s-$-dimensional functions. In
this inequality, the summation is performed over finite sums of these integrals. An
upper bound is made on the remainder term, which is obtained by replacing the infinite

with a finite sum.

The Weyl integral criterion is a result of the qualitative theory of uniformly distributed
series. It represents a new necessary and sufficient condition for a series to be uniformly

distributed.

In chapter three, ${\cal B} s-$-dimensional functions are used to solve problems
related to quasi-Monte Carlo integration in weighted Hilbert spaces. Using the
developed ${\cal B} s-$-dimensional arithmetic, the concept of the mean square error
of integration in Hilbert spaces is introduced. Two classical examples of weighted
Sobol spaces are considered — the so-called unanchored and anchored Sobol spaces.
These are well-known functional spaces in the literature. In the dissertation ${\cal
B} s-$-s functions are used to investigate the mean square error of integration in these
spaces. Explicit formulas for it are shown in terms of the trigonometric functions of

these functions.

Using the results obtained for the mean square error of integration in these spaces, two
new types of crosstalk are defined — the so-called “anchored” (anchored) and anchored

weighted diaphony. The most important result is that it is shown that these two new



types of crosstalk are quantitative measures of the unevenness of the distribution of
ranks.

In this chapter of the dissertation, the mean square error of integration in both types of
Sobol spaces and the new types of crosstalk - unanchored and anchored weighted

diaphony are related to each other.

The abstract correctly reflects the main results obtained in the dissertation. The

dissertation and the abstract are well-formed and properly structured.

The contributions in the dissertation are formulated clearly and at a good professional

level.

Conclusion: Taking into account the presented results of the dissertation, the following

conclusions can be drawn:

The submitted dissertation work, the author's publications and the formulated
contributions have all the merits and I believe that they fully comply with the
requirements for acquiring the scientific degree "doctor" according to the Law

on Scientific Degrees and Scientific Titles in the Republic of Bulgaria.

I give a positive assessment of the dissertation work and propose to start a procedure
for awarding the educational and scientific degree "doctor" to Elmi Shabani, a doctoral
student of independent preparation in Mathematical Analysis at the Department of
"Mathematics and Physics" of the South-West University "Neofit Rilski"

Blagoevgrad.
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