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3a IMCePTAllMOHEH TPy Ha TeMa
Dynxyuonarnama cucmema l'g_ u HAKOU HEUHU NPUNOICEHUSL
IpeCTaBeH 3a NpuaoOMuBaHe Ha 0Opa3oBaTeNHATa U HaydHa CTEIEH
"Iloktop" B obmact Ha BHcme oOpazoBanue 4. I[lpupognu Haykw,
MareMaTHKa ¥ HWHQOpMaTHKa, MpodeCHOHATHO HampaBliCHHE
4.5. Marematuka, Hay4Ha CIEIHMATHOCT ,,MaTreMaTn4ecky aHaau3"
Astop: Enmu la6anu ot YHuBepcurer “Xamxu 3eka”, rp. Iles,
Kocoso.

1. AKTYaJIHOCT U IPWJIOKMMOCT HA TeMaTa

Hacrosmata aucepranms € TIOCBETEHAa Ha KOJIMYECTBEHATa TEOpUs Ha
paBHOMEPHO paslpeneieHuTe peaunu. PazpaboTenu ca nmpuiiokeHus B 00JacTTa
Ha NMPUOIMKEHOTO MpecMATaHe Ha UHTerpayid. OCBEH B MHTETPATHOTO CMSTaHE
PaBHOMEPHO pas3Ipe/iejICHUTE PeIUld HaMHUpaT NPUIOKEHUE MPU 00yueHUe Ha
HEBPOHHU MpEXH, 0e3MpEKOBH METOAM 3a pellaBaHe Ha CJUNTUYHU YaCTHU
auQepeHnaiHl ypaBHeHHsI, B 00JlacTTa Ha KOMIIOTHPHOTO 3pEHHE U MHOTO
Apyru oOJacTM Ha MaTeMaTuKaTra U TexHukara. Jluceprauus ce omupa Ha
u3caeABaHus U pe3ynraTu noiayderu ciaea 2020 roauHa, KOeTo s MpaBu 0COOEHO
aktyanHa. [lonyyeHuTe OoleHKH Ha TpenikaTa OT HHTErpupaHe ca 0COOEHO BaXKHU
OT MpaKTU4YecKa riaeaHa ToUKa.

2. O01mo onucaHue HA NMPeJCTABEHUTEe MATEPHAIH

BbB Bpb3Kka C Ta3u mpolieaypa HOJyduX CIETHUTE JOKYMEHTU: TUCEpTalus B
obem Ha 189 ctp., aBTOpedepar B obem Ha 41 cTp., aBTOOMOTpadus u 2 6pos
CTaTHH:

1 cratusa B cnucanue ,,Jloknaau na BAH®;

1 cratua B lNogumuumk Ha Coduiickus yHuBepcuteT ,,CB. KimmeHt
Oxpuacku‘.

[IspBaTa ctaTus € Beue NMyOJMKyBaHa, a BTOpaTra € NpHeTa 3a Ieyar.
[IspBaTa myOiMKanusi Ha KaHIUJATHT € MyOJIMKyBaHa B CIHCAHUE, KOETO Ce
pedepupa B kBaptun 4 Ha Web of Science. He ca Mu u3BeCTHM 1UTAaTH Ha
MyOJIMKalMUTE HA KaHIU1aTa.

Hucepranmsita chAbpKa 3 TJaBU, KaTo B IIbpBaTa ca TOCOYEHU
ne(UHULINN, CBOMCTBA U U3BECTHU PE3YITATH, BHPXY KOUTO Ca U3TPaJCHN HOBUTE
TEOPETUYHU PEe3yITaTH Ha KaHAWaaTa. BbB BTOpa riaBa ce BbBEXK/a MOHATHUETO
MHOTOMEepeH MouduIpan HHTErpaji. Bb3 ocHOBa Ha TOBA MOHATHE CE JOKA3BAT
KJIACUYECKOTO HEpaBeHCTBO Ha JIboBek, hopmyrnaTta Ha KokcMa, HepaBeHCTBOTO
Ha Epapom-Typan-KokcMma n nHTerpanaus kpurepui Ha Baiiin. B Tpera riaBa ce
neduHUpaT 3aKOTBEHM U He3akoTBeHHM (Co00JeBM MPOCTPAHCTBA U TETJIOBU
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anadgonuu B Tax. OnucBa ce Bpb3KaTa MEXIy CPEIHOKBaIpaTUYHATA TPEIIKa OT
MHTErprUpaHe U ChbOTBETHATA TeryioBa nuadonus. Jucepranusara ce onupa Ha 65
UUTUPAHA U3TOYHUKA.

3. MeToauka Ha U3CJIeIBAHETO

N3cnenBaneTo e mpoBEAEHO ChC CpefcTBaTa Ha MAaTEMAaTHYECKUST aHAIN3 U
(GYHKIIMOHATHUAT aHaiau3. M3moj3BaHM ca anmpOKCUMAIMOHHHM TOAXOIU H
MPUOJIM3UTEIHO TPEeCMATaHE Ha HMHTErpanu B XWiIOEpTOBHM MPOCTPAHCTBA,
3aKOTBEHU U He3akoTBeHU C000IEBU MTPOCTPAHCTBRA.

4. HayyHu NpUMHOCH HA JHCEPTALMATA

ABTOPBT JeKIapupa MPUHOCH PA3IOJI0KEHU B IIECT TPYNU. ABTOPBHT BbBEXKIA
HOBHM MAaTE€MaTHYECKH CTPYKTYPHU Upe3 MOHATHETO MHOTOMEPHU MOIUPUIIPAHH
uHTerpamy B cucremara g . Upes nedpunnpannte Moauuuupany HHTErpaam ca
J0Ka3aHU KjacuyeckuTe HepaBeHcTBa Ha JIboBek, Kokcma u Epapom-Typan-
Kokema. Karo e m3nosnseana apuTMeTHKa BbB (QYHKIMOHAIHATA cucTeMa [
KpUTEpUAT Ha Baiin 3a paBHOMEpHO pasmpejaefieHa peAulia € MpelICTaBeH B
uHTerpanHa ¢opMa upe3 paspaboTeHuTe MoaubUIUpaHd UHTerpaiu. B
AUcepTanysaTa ce MpaBU 3aK/OYEHHE, ye B OOLIMAT ciydyall Tpenikata oT
unterpupane B CoOoJieBU NPOCTpaHCTBA HE 3aBUCH OT AuadoHusara. ToBa
MOTHBHpA aBTOpa J1a BbBejAE MOHATUATA 3aKOTBeHO C000JIeBO MPOCTPAHCTBO U
CpeIHO KBajJjpaTHyHAa rpelIka oT HHTerpupane. CMsaTaM, 4e OCHOBHHST pe3yiTar
B Ta3W AucepTanus € GopMyaupan B Teopema 3.7 KbJETO B sIBEH BUJI CE TIPECTaBs
Bpb3KaTa MEXAy TpemKara OT UHTerpupade B 3akorBeHH CoboseBu
MPOCTPAHCTBA M CHOTBETHATA 3aKOTBEHA TeryioBa auadoHHs. AHAIOTHYHU
pe3yNTaTH ca OCTUTHATH B He3aKOTBeHH C000IeBH MPOCTpaHCTBA. ABTOPHT HA
aucepramusaTa Envmu [laGanu mpencraBs HaydeH Tpyd Ha BHCOKO HHBO U
MPETEHLUUUTE MY 32 JeKJIapUpaHUTE IPUHOCH Ca OCHOBATEIIHH.

5. OneHka Ha JUYHHUS NPUHOC HA KAHAUIATA

[IpeacraBenute cratuu or Enmu [llabGanu ca B chaBTOPCTBO C HAYYHUST MY
pbproBoaMTEN no1. AH Bacun I'pozmanoB. Cwmsrtam, ye Enmu Illabanu mma
ITBJIHOLICHHO y4acCTHE IPH MOJIyYaBaHE Ha OIIMCAHUTE PE3YJITATH.

6. Kpurtnunu Oesie:xku
Hsamam kpuTHYHH OENexKH.

7. 3aK/JI09eHue

[IpencraBeHUAT OUCEPTALIMOHEH TPYJ ChAbPKA HOBH W 3HAUYUMH HAy4YHU
pe3yJITaTi, KOUTO AUPEKTHO MOTAT Ja C€ MPUJIOKAT B MHKCHEpHATA MPAKTUKA.
Toit oTroBapsi Ha BCHUKH KPUTEPHM U TTOKa3aTeNy 3a MpUI00MBaHEe Ha HaydHA
crenieH "JlokTop", chriacHO 3akOHa 3a pa3BUTHE HAa AKaJEMUYHUS CHhCTaB B
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PenyOnuka bovarapus, [lpaBunnuka 3a npunarane Ha 3PACPb u Boerpemnure
npaBWjia 3a pa3BUTHE Ha AkajgemMuuyHus cbctaB B IOroszamanen
yauBepcuteT "Heodut Pusncku".

VYBepeHO [daBaM TOJIOKUTEIHA OLEHKAa Ha JUCEPTAMOHHUA TPYX
»Pynkyuonannama cucmema I'g_ u wakou neunu npunosicenus” paspabOTeH OT
Enmu [llaGanu u mpenopbyuBaM Ha HAYYHOTO XKypH Aa ipuchau Ha Envu [llabanu
oOpa3zoBarenHaTa W HayyHata creneH ,,Jloktop” B 00lacT Ha BHCIIETO
oOpazoBanue 4. Ilpuponnu Hayku, MaTemMatuka W  HHPOpPMATHKA,
npodecuonanHo HampaBieHue 4.5 ,MaremaTuka®“, Hay4dHa CIIELIMATHOCT
,,MaTeMaThu4eCcKu aHaanu3 .

10.11.2025r UJEH HA KYPHUTO: «nniieeiiiiiieeeaiieeennn,
I"abpoBo pod. 1-p Toxpop Tomopon
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South-West University "Neofit Rilski"

OPINION

by Prof. Dr. Todor Dimitrov Todorov on PhD thesis The
functional system I'z_ and some of its applications submitted for the
acquisition of the educational and scientific degree "Doctor" in the
field of higher education 4. Natural Sciences, Mathematics and
Informatics, professional field 4.5. Mathematics, scientific specialty
"Mathematical Analysis".

Author: Elmi Shabani from the University "Haxhi Zeka", Peja,
Kosovo.

1. Relevance and applicability of the topic

This dissertation is devoted to the quantitative theory of uniformly distributed
sequences. Applications in the field of approximate integral calculation have been
developed. In addition to integral calculus, uniformly distributed sequences have
been used in training neural networks, meshfree methods for solving elliptic
partial differential equations, in the field of computer vision, and in many other
areas of mathematics and engineering. The PhD thesis is based on research and
results obtained after 2020, which makes it particularly relevant. The obtained
estimates of the integration error are very important from a practical point of view.

2. General description of the documents presented
To this procedure, I received the following documents: a dissertation of 189
pages, an abstract of 41 pages, an autobiography, and 2 articles:

one article published in the journal Proceedings of the Bulgarian Academy
of Sciences;

one article accepted for publication in the Annual of Sofia University “St.
Kliment Ohridski”.

The candidate's first paper was published in a journal that is referenced in quartile
4 of the Web of Science. I am not aware of any citations of the candidate's
publications.

The PhD thesis has three chapters, the first of which contains definitions,
properties, and known results, on which the candidate's new theoretical results
have been obtained. The second chapter introduces the notion multidimensional
modified integral. Based on this concept, the classical LeVeque inequality, the
Koksma formula, the Erdds-Turdn-Koksma inequality, and the Weyl integral
criterion are proved. The third chapter defines anchored and unanchored Sobolev
spaces and weighted diaphony in them. The relation between the mean square
worst-case error of integration and the corresponding weighted diaphony is
determined. The dissertation is based on 65 cited sources.



3. Research Methodology

The research was conducted using the tools of mathematical analysis and
functional analysis. Approximation approaches and approximate calculations of
integrals in Hilbert spaces, anchored and unanchored Sobolev spaces, were
applied.

4. Scientific contributions of the dissertation

The author declares contributions arranged in six groups. He introduces new
mathematical structures through the concept of multidimensional modified
integrals in the system Ig . By the defined modified integrals, the classical
inequalities of LeVeque, Koksma, and Erdds-Turan-Koksma are proved. Using
arithmetic in the functional system Iz, the Weyl criterion for a uniformly
distributed sequence is presented in integral form through the developed modified
integrals. In the dissertation, a conclusion is made that in the general case, the
error of integration in Sobolev spaces does not depend on the diaphony. This
motivates the author to introduce the concepts of anchored Sobolev space and
mean square worst-case error of integration. I believe that the main result in this
dissertation 1s formulated in Theorem 3.7, where the relation between the worst-
case error of integration in anchored Sobolev spaces and the corresponding
anchored weighted diaphony is explicitly presented. Analogous results have been
achieved in unanchored Sobolev spaces. The author of the dissertation, Elmi
Shabani, presents a high-level scientific work, and his claims for the declared
contributions are well-founded.

5. Evaluation of the candidate's personal contribution

The articles presented by Elmi Shabani are co-authored with his scientific
supervisor, Assoc. Prof. DSc Vasil Grozdanov. I believe that Elmi Shabani fully
participated in obtaining the described results.

6. Critical Notes
I have no critical remarks.

7. Conclusion

The presented dissertation contains new and significant scientific results that can
be directly applied in engineering practice. It meets all the criteria and indicators
for acquiring the scientific degree "Doctor", according to the Law on the
Development of the Academic Staff in the Republic of Bulgaria, the Regulations
for the Implementation of the Law on the Development of the Academic Staff in
the Republic of Bulgaria and the Internal Rules for the Development of the
Academic Staff at South-West University "Neofit Rilski".



I confidently give an excellent assessment of the dissertation: The
functional system I'g_ and some of its applications, written by Elmi Shabani, and
strongly recommend that the scientific jury award the educational and scientific
degree “Doctor” in the field of higher education 4. natural sciences, mathematics,
and informatics, professional area 4.5 Mathematics, scientific subject
mathematical analysis to ElImi Shabani.

10.11.2025 Author of the opinion: ............................
Gabrovo Prof. Dr. Todor Todorov



