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4JIeH HA HAay4YHO JKypH, Ha3HaueHo oT Pexropa Ha FO3Y "Heodur Puncku" cbe 3anoBen
No 2193 or 30 centemBpu 2025 T., 32 NPOBEKIAHETO Ha MpoIEAypa MO 3alluTa Ha
JUCEPTAIMOHEH TPY/ 32 MPUCHKIAHE HA 00pa3oBaTeIHATA M HAYYHA cTerneH "doxkmop"

Obnacm Ha éucuie obpazosanue: 4. [lpupoHu HayKH, MaTeMaTHKa U HHPOPMATHKA.
Ilpogpecuonanno nanpasnenue: 4.5. Maremaruka.
Jloxmopcka npoepama: MaTeMaTHYECKH aHAIU3.

Tema na oucepmayuonnus mpyo: @yHkuuoHanHara cuctema Gamma_Bs u HiKou HeliHU
MIPUIIOKEHUSL.

Asmop Ha oucepmayuonnus mpyo: Envu [llabann

Hayuen pvrkosooumen: nou. n.H. Bacun I'po3ganoB

Hokropant Envu IllaGanu e 3aBbpuIni aBe OakaqaBbpCKU MPOTpaMu MO MaTeMaTHKa B
“Hasan Prishtina” University (mpe3 2005 u 2014 r.), mpe3 2019 r. e mpumobun
MarucThbpcKa CTENeH MO MpuiokHa Matematuka B Anbanus B “Aleksandér Xhuvani”
University, Elbasan. Ot 2021 r. ¢ gokTopaHT B KaTeapa "Maremaruka" Ha FO3VY. [Ipeaun
o0yuyeHneTo cu karo qoktopanT Enmu [llabanu mma cepro3eH MpenoaBaTeiIcKi OMUT B
CPEIHU U BHCIIU YYEeOHU 3aBE/ICHUS.

[IpencraBenute ot Enmu [llabanu marepuain 3a KOHKypca OTrOBapsT Ha U3UCKBAHUATA
Ha 3aKOHa 3a Pa3BUTHE Ha aKkaJeMHuYHUs chcTaB B PemyOnuka bwiarapus, [IpaBunnuka 3a
HETOBOTO TNpWJIaraHe W BhTpenHuTe npaBuia 3a pa3BUTHE Ha aKaJIeMUYHUSI ChCTaB Ha
KO3V "H. Punckn".

CBbp3aHUTE C TUCEPTAIIMOHHMSA TPYA MyOJIMKAaIMK C y4dacThe Ha JIOKTOpaHTa ca JIBE,
nyOnuKyBaHU (WM MPUETH 3a MyOJUKyBaHE) B PEHOMUpPAHHUTE CMCaHus ,,Jloknanu Ha
BAH“ u ,,[ omumiauk Ha CY — ®MU*, unaexcupanu BB Web of Science / Scopus. Tosa
€ ToKa3aTesl 3a 3HAYMMOCTTAa Ha MOCTUTHATHTE OT AokTopaHT Enmu [llaGanu HayyHuU
pe3yJTaTu.

CroTBeTcTBAIUTE HA MyOIUKALUUTE 45 TOYKU HAMNBIHO YIOBIETBOPSBAT MUHUMAITHUTE
HAIIMOHAJTHM W3WCKBaHUS 3a TNpUAMOMBaHE Ha oOpa3oBaTelHaTa M Hay4yHa CTEIeH
»JLOKTOD*“.

JucepTaiiiOHHUAT TpyZ € B 00eM oT 189 crangapTHU MAIIMHONHUCHU CTPAHMIIM U UMa
cleHaTa CTPYKTypa: YBOJ, TP TJIaBU C TEOPETHUHHU Pa3pabOTKH, MPUHOCH Ha aBTOpa,
CIHCBHK C MyOJIMKAIMUTE HAa aBTOPA, CBBP3aHU C JUCepTaLuATa U IIUTHPAHA JINTepaTypa.
['maBa mppBa MMa TOMOIIEH XapakTep 3a JUcepTamusaTa. TyK ca MpeACTaBeHH HSIKOH
n00pe M3BECTHH  pe3yJTaTH OT TEOpHATa Ha PABHOMEPHO PA3NpPEACICHUTE PEAULIH.
ABTOpBT aklleHTHpa Ha  JedUHUIUATA 32 PABHOMEPHO pa3MNpeesieHa peamlia,



MHTETPAJIHUS U eKCIIOHEHIIMANHUS KpuTepun Ha Baiin. 3apaau ¢akra, ye B qucepranusita
Ce M3CJeABaT HAKOM KOJWYECTBEHHM MEPKH 32 HEPABHOMEPHOCTTA HA Pa3NpeieIICHHETO
Ha peauly, B Ta3u IWaBa ca JeUHMPAHM EKCTPEMHMAT, KBaJApPaTHUYHHAT 3Be3Ja-
IMCKpENaHc U KJIacuieckarta TuaoHus Ha MPEXKHU U PEIUIIH.

Hsikon kiacoBe OT MBJIHM OPTOHOPMHUPAHHU (PYHKIIMOHAIHU CHCTEMH Ca M3IOJI3BaHU 3a
pellaBaHe Ha OCHOBHHUTE IpoOiieMH B aucepTalMoHHUS Tpya. Jedpunupanu ca u ca
MOKa3aHM CBOMCTBaTa Ha TPU OCHOBHH OPTOHOPMUPAHU (DYHKIIMOHATIHU CUCTEMHU —Y OJIII
¢byHKIMUTE NpuU OCHOBa b, ¢yHkuuure Ha Buienkun u Bs-uunure ¢QyHKuuy,
KoHcTpyupanu B KantopoBu cucremu. @yHkuumoHanHara cucreMa Gamma Bs,
KOHCTpYMpaHa B IIPOM3BOJIHA KAaHTOPOBAa CUCTEMa, € H3IO0JI3BaHA KaTo amapar 3a
I10JIy4aBaHE HA OCHOBHUTE PE3yJITaTU Ha aBTOpA.

B rmaBa mepBa ce pasriexna npousBosnHa KantopoBa cuctema, neduHUpaHd ca
OCHOBHUTE €JIEMEHTHM Ha Bs-muHata apuTMeTHKa M ca IIOKa3aHMW CBOMCTBAaTa Ha
¢ynkuute ot cuctemara Gamma_Bs no oTHouieHue Ha Ta3u apuTMeTHka. Bede B riaBa
TpeTa Ta3u AapUTMETHKAa € M3MOoJi3BaHa 3a JAepuHuUpaHe Ha MOHATHETO CPEAHO
KBaJIpaTH4YHAa Tpelika Ha HHTETPUPAHETO B XUIOEPTOBH IPOCTPAHCTBA.

B I'maBa BTrOpa Ha aucepranusTa, aBTOpbHT AeduHUpa MIOHATUETO MHOIOMEpEH
Moaupuuupan uHTErpan oT Bs-uunute ¢yHknuure. Pesynararure, MOIyyeHH TYK,
IIPEICTAaBIsABAT MHOIO IIPUJIOKEHUS HA TE3M MHTErpajld B KOJIMYECTBEHaTa U
KadecTBeHaTa TEOPUsS Ha PABHOMEPHO Pa3IpEAEIINTE PEAULN.

IIepBUAT pe3yinTrar € HEpaBeHCTBOTO Ha JIbOBEK, KOETO € OLEHKa OTrope Ha
€KCTpEeMaJIHusl JUCKPENAaHC Ha IPOM3BOJIHA E€JHOMEPHA MpeXa B TEPMHHHUTE Ha
BbBEICHUTE MOAU(DUIIMPAHU UHTETPATIHN OT Bs-nunure GpyHKuuu.

@opmynara Ha Kokcma mpencrasisiBa NpeICTaBsSHE Ha KBAJAPATUYHUSA JUCKPEIIAHC Ha
NIPOM3BOJIHA S-MEpPHA Mpeka B TEPMUHHUTE HA BBbBEIECHUTE MOAU(DUIIMPAHN HHTETpau.
ToBa € OCHOBEH pe3yiTaT 3a IJlaBa BTOPA, ThbH KaTO HAa HErOBa OCHOBA CJIeJl TOBA Ce€
J0Ka3Ba HepaBeHCTBOTO Ha Epaponi-Typan-KokcMa, KakTo M MHTETpaJIHUS KPUTEPUH Ha
Baiin.

Ilo npunnumn, HepaBeHCTBOTO Ha Epnpom-Typan-KokcMa e BakeH — pesyiaraT  OT
KOJIMYECTBEHATa TEOPHsl HA PABHOMEPHO Pa3lpeAciIeHUTe peauuu. Tyk, HEpaBeHCTBOTO
Ha Epnpom-Typan-Kokcma npencrasiisiBa oLieHKa OTrope Ha KBaJpaTUYHUS JHCKPENaHC
Ha MPOU3BOJIHA S-MEpHA MpeXa B TEPMUHHUTE Ha BbBEIACHUTE MOAU(DUIIMPAHU HHTETpAIIH.
HanpaBena e HeTpruBHagHa OLEHKA OTTOPE HA OCTATHYHMS WICH, KOMTO CE MolydaBa OT
3aMsiHaTa Ha Oe3KkpaitHaTta cyma ot popmyrnara Ha KokcMa ¢ kpaifHaTta cyma, ydacTBamia
B HepaBeHCTBOTO Ha Epnpoin-Typan-KokcMma.

OT rneaHa TOYKa Ha KauecTBEHATa TEOPHUsS HAa PABHOMEPHO pasNpeAesiCeHUTE PEIullH, B
JUCcepTaTUUATa € MPEACTABEH MHTETPAIHUAT KpUTepuil Ha Bails, KOHTO € €IHO HOBO
HEOOXOMMO W JOCTaThUHO YCIOBHE, 3a TOBAa €IHA peauna jaa ObJe pPaBHOMEPHO
pasmpenesncHa.

B rmaBa Tpera Ha aucepranusta, Bs-uunute QyHKIMH, KOHCTpyupaHu B KaHTOpoBH
CHCTEMH, Ca H3IOJ3BAaHM 3a pellaBaHe Ha Mpobimemu, Ha  kBazu-Monte Kapio
MHTETPUPAHETO B TETJIOBM XWIOEPTOBU IpocTpaHcTBa. Pa3Burara B riaBa nbpBa Bs-
WYHAa apuUTMETHKA, € M3MO0J3BaHa 3a Ja ce Ae(pUHUpa MOHATHETO CPEeJHO KBaJpaTHYHA
rpeluika Ha UHTErpUpaHeTo B XWIOepTOBU IPOCTPAHCTBA.

M3non3BaHu ca ABa KJIacH4ecku npumepa Ha TerjoBu Co0ojeBH MPOCTpaHCTBA — T. H.
HEe3aKOTBeHW u 3akoTBeHH CoOoneBuM mpocTpaHcTBa. ToBa ca m00pe W3BECTHH B



nuTepaTypata (DYHKIMOHAIHU TPOCTPAHCTBA, HHTEH3MBHO H3CJIEIBAHU OT pEAMIIA
aBTopu B nociueauute 20 roguau. @yHkuuute Ha Bs-uuHara cucrema ca U3MOJI3BaHU
OT aBTOpa 3a M3NEABAHETO HAa CPEJHO KBaJIpaTHyHA IpellKka Ha WHTETPUPAHETO B TE3U
npoctpancTBa. [lomydenn ca ¢hopmynu B SIBEH BUJ 3a CPEIHO KBaJpaTHYHA TpelIka Ha
MHTETPUPAHETO B pasriiexkaanuTe teraosu CobosieBU NpOCTPAHCTBA.

@dopmyauTe 3a CpPEeIHO KBaJpaTWYHA TpelllKka Ha HHTErPUPAHETO B Pas3IJIekKIaHUTE
IIPOCTPAHCTBA, Ca M3MOJ3BAaHM KAaTO MOTHBALMA 32 J1a C€ BbBEJAT JiBAa HOBU THUIIA Ha
muadonusaTa — T. H. unanchored and anchored weighted diaphony. Jlokazano e, e Te3u
7BA HOBM THUNa Ha JuadoHUATA ca KOJMYECTBEHU XapaKTEPUCTHKH 3a
HEPaBHOMEPHOCTTAa Ha pa3Npe/leIeHUeTO Ha penuuu. JlokazaHu ca U BpPB3KUTE, KOUTO
CBIIECTBYBAT MEX/1y CPEJHO KBaJpaTHU4YHa Ipelika Ha HHTerpupanero B 1ete CoboseBu
MIPOCTPAHCTBA U TE€3U JIBa HOBU TUIOBE HA AMA(OHUSATA.

OcHOBHHTE pe3yJTaTu Ha JUCepTalMATa ca BKIIOYEHH B IMyOIMKallMUTE U aBTOpedeparta,
KOHTO ONHUCBA KOPEKTHO IOCTAaBEHUTE LEIH, 3aJaud U OCHOBHHMTE IPUHOCH Ha
IIPOBEJIEHOTO OT JIOKTOPAaHTa HAYyYHO U3CIIEABaHE.

[IpencraBeHuTe OT aBTOpa pe3yJTaTd, MU J1aBaT JIOCTAThYHM OCHOBAHUS Ja HaIlpaBs
CIIEHUTE U3BOJIU:

B naucepranuoHHus Tpyn aBTOPBT € MONYYHJI CEPUO3HU PE3yJITaTH B JBETE
Hay4yHM  00JacTM — KOJMYECTBEHAaTa M KadyeCTBEHaTa TEOpHs Ha PaBHOMEPHO
pasmpenereHuTe peaunu U TeopusTa, M npaktukata Ha Ksasu-Monrte Kapio
uHTerpupanero B Co0o0sieBU MPOCTPAHCTBA;

3a ga ce JOKakaT OCHOBHHUTE pe3yJlTaTH Ha AUCEPTAL[MOHHUS TPYyI € Ouio
HEOO0XO/MMO J1a C€ U3BBPIIAT PEAMLA CIO0XXHU M3YUCIUTENTHH MPOLECH, MpeACTaBeHH
KaTo JIEMH W H3IOJI3BAHU CJieJ] TOBAa 3a JIOKa3BaHE HAa OCHOBHMTU pe3yiTaTu. ToBa
[IOKa3Ba, Y€ JOKTOPAHTHT € II0Ka3aJl MHOIO TEXHHYECKM YMEHHs I[IO3HAHUA 3a
pa3paboTBaHe HA Pa3TIIeKTAHUTE HAYYHH MTPOOIEMH.

3akjaueHue

[IpencraBenusit aucepramnuoneHd Tpya Ha Enmu [1labanu chOTBETCTBA HAa M3UCKBAHUSATA
Ha 3aKOHa 3a Pa3BUTHE Ha aKkaJeMHUYHUs chcTaB B PemyOnuka boiarapus, [IpaBunnuka 3a
HEroBOTO MNpuiarane u BbTpenrHuTe npaBuiia 3a pa3BUTHE Ha aKaJEeMHUYHHS ChCTaB Ha
O3V "Heodwur Puncku". B mpormeca Ha MpoBeAeHOTO HAYYHO W3CJICIBAHE JTOKTOPAHT
Enamu [laGanu mposiBU TakvBa Ba)KHU KadyecTBa KAaTO CUCTEMATHYHOCT, CTPOT HAy4eH
MOJIX0JI, CHOCOOHOCT /1a aHaJIM3upa PE3yJITaTH Ha aBTOPU B 00JIaCTTa HA MaTeMaTuKara u
Jla TU Tpujiara TBOPUYECKH 3a MOTy4yaBaHE Ha HOBU PE3YJTATH.

CroliHOCTTa HA OPUTHMHAIIHATE HAy4YHU W HAYYHO-TIPUJIOKHU PE3YNITATH, NPEACTABEHU B
myOnuKanuuTe Mo TeMaTa, aBTopedepara U ITUCEPTALMOHHHS TPy, MU MO3BOJSABAT 1A
JlaM TIOJIOKUTEITHA OICHKA 33 OCBINECTBEHOTO M3cieaBaHe. [IpeyiaraMm Ha yBakaeMOTO
HAy4yHO XYpPU Ja TMPHUCHIM oOpa3oBaTelHAaTa M HaydyHa cTereH ‘“‘moktop” Ha Enmu
[HTaGanmu.

Codus, 12 nHoemBpu 2025 . UiieH Ha KypHUTO:

/mott. n-p M. Kones/



Opinion

by Assoc. Prof. Dr. Mihail Kolev Kolev, Department of Mathematics, Faculty of
Transport Engineering, UACEG — Sofia,

member of the scientific jury, appointed by the Rector of the South-West University
"Neofit Rilski" with order No. 2193 of September 30, 2025, for the conduct of a
procedure for the defense of a dissertation for the award of the educational and scientific
degree "doctor"

Higher education area: 4. Natural sciences, mathematics and computer science.
Professional direction: 4.5. Mathematics.

Doctoral program: Mathematical analysis.

Thesis topic: The function system Gamma Bs and some of its applications.
Author of the dissertation: Elmi Shabani

Scientific advisor: Assoc. Prof. Dr. Sci. Vassil Grozdanov

Doctoral student Elmi Shabani completed two bachelor's programs in mathematics at
”Hasan Prishtina” University (in 2005 and 2014), in 2019 he obtained a master's degree
in applied mathematics in Albania at “Aleksandér Xhuvani” University, Elbasan. Since
2021 he has been a doctoral student in the Department of Mathematics of South-West
University "N. Rilski". Before his studies as a doctoral student, Elmi Shabani has
significant teaching experience in secondary and higher education institutions.

The materials submitted by Elmi Shabani for the competition meet the requirements of
the Law on the Development of the Academic Staff in the Republic of Bulgaria, the
Regulations for its Implementation and the Internal Rules for the Development of the
Academic Staff of the South-West University "N. Rilski".

The publications related to the dissertation work with the participation of the doctoral
student are two, published (or accepted for publication) in the renowned journals
"Comptes rendus de 1’Académie bulgare des Sciences" and "Annual of the Sofia
University - Faculty of Mathematics and Informatics", indexed in Web of Science /
Scopus. This is an indicator of the significance of the scientific results achieved by
doctoral student EImi Shabani.

The 45 points corresponding to the publications fully satisfy the minimum national
requirements for obtaining the educational and scientific degree "Doctor".

The dissertation is 189 standard typewritten pages long and has the following structure:
Introduction, three chapters with theoretical developments, contributions of the author, a
list of the author's publications related to the dissertation and cited literature.



Chapter one is of an auxiliary nature for the dissertation. Here some well-known results
from the theory of uniformly distributed series are presented. The author emphasizes the
definition of a uniformly distributed series, the integral and exponential Weyl criteria.
Due to the fact that the dissertation investigates some quantitative measures of the non-
uniformity of the series distribution, in this chapter the extreme, quadratic star-
discrepancy and classical diaphony of networks and series are defined.

Some classes of complete orthonormal function systems are used to solve the main
problems in the dissertation. The properties of three main orthonormal function systems
are defined and shown — Walsh functions in basis b, Vilenkin functions and Bs-ic
functions constructed in Cantor systems. The functional system Gamma Bs, constructed
in an arbitrary Cantor system, is used as a device for obtaining the main results of the
author.

In the first chapter, an arbitrary Cantor system is considered, the main elements of Bs-ic
arithmetic are defined and the properties of functions from the Gamma Bs system with
respect to this arithmetic are shown. Already in the third chapter, this arithmetic is used
to define the concept of the mean square error of integration in Hilbert spaces.

In Chapter Two of the dissertation, the author defines the concept of a multidimensional
modified integral of Bs-type functions. The results obtained here represent many
applications of these integrals in the quantitative and qualitative theory of uniformly
distributed series.

The first result is Loweck's inequality, which is an upper bound on the extreme
discrepancy of an arbitrary one-dimensional network in terms of the introduced modified
integrals of Bs-type functions.

The Koksma formula is a representation of the quadratic discrepancy of an arbitrary s-
type network in terms of the introduced modified integrals. This is a fundamental result
for Chapter Two, since the Erdds-Turan-Koksma inequality, as well as the Weyl integral
criterion, are then proved on its basis.

In principle, the Erdds-Turan-Koksma inequality is an important result of the quantitative
theory of uniformly distributed series. Here, the Erdds-Turan-Koksma inequality is an
upper bound on the quadratic discrepancy of an arbitrary s-dimensional network in terms
of the introduced modified integrals. A nontrivial upper bound is made on the residual
term, which is obtained by replacing the infinite sum of the Koksma formula with the
finite sum involved in the Erdds-Turan-Koksma inequality.

From the point of view of the qualitative theory of uniformly distributed series, the
dissertation presents the Weyl integral criterion, which is a new necessary and sufficient
condition for a series to be uniformly distributed.

In chapter three of the dissertation, Bs-ic functions constructed in Cantor systems are
used to solve problems of quasi-Monte Carlo integration in weighted Hilbert spaces. The
Bs-ic arithmetic developed in chapter one is used to define the concept of mean square
error of integration in Hilbert spaces.

Two classical examples of weighted Sobol spaces are used — the so-called unanchored
and anchored Sobol spaces. These are well-known functional spaces in the literature,
intensively studied by a number of authors in the last 20 years. The functions of the Bs-ic
system are used by the author to study the mean square error of integration in these
spaces. Explicit formulas for the mean square error of integration in the considered
weighted Sobol spaces are obtained.



The formulas for the mean square error of integration in the considered spaces are used as
a motivation to introduce two new types of diaphony — the so-called unanchored and
anchored weighted diaphony. It is proven that these two new types of diaphony are
quantitative characteristics of the unevenness of the distribution of ranks. The
connections that exist between the mean square error of integration in the two Sobol
spaces and these two new types of diaphony are also proven.

The main results of the dissertation are included in the publications and the abstract,
which correctly describes the added goals, objectives and foundations brought to the
scientific research conducted by the doctor.

The results presented by the author give me the following sufficient grounds for drawing
conclusions:

In the dissertation thesis, the author has obtained serious results in two scientific
areas — the quantitative and qualitative theory of uniformly distributed series and the
theory and practice of Quasi-Monte Carlo integration in Sobolev spaces;

In order to prove the main results of the dissertation thesis, it was necessary to
perform a number of complex computational processes, presented as lemmas and then
used to prove the main results. This shows that the doctoral student has shown a lot of
technical skills and knowledge for developing the scientific problems under
consideration.

Conclusion

The presented dissertation work of Elmi Shabani complies with the requirements of the
Law on the Development of the Academic Staff in the Republic of Bulgaria, the
Regulations for its implementation and the Internal Rules for the Development of the
Academic Staff of the South-West University "Neofit Rilski". In the process of the
conducted scientific research, doctoral student Elmi Shabani demonstrated such
important qualities as systematicity, a rigorous scientific approach, the ability to analyze
the results of authors in the field of mathematics and to apply them creatively to obtain
new results.

The value of the original scientific and scientifically applied results presented in the
publications on the topic, the abstract and the dissertation thesis allow me to give a
positive assessment of the research carried out. I propose to the esteemed scientific jury
to award the educational and scientific degree "doctor" to Elmi Shabani.

Sofia, 12 November 2025 Member of the scientific jury:

/Assoc. Prof. Dr. M. Kolev/



