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1. buorpaduyHu JaHHMU.

Enamu [laGanu e pomen mpe3 1965 r. B rp. Knuna, KocoBo. 3aBbpiimi € crienuaHOCT
,Martematuka“, OKC ,IIpodecnonanen OakamaBbp™ (3 TOIMHHM) B YHHBEPCHUTETa B
[Tpumuna, Kocoso nipe3 2005 r., a pe3 2014 1. € nmpoabxkuia 00y4eHHETO CH B CIICITHATTHOCT
,MaTtemaTuka“ Ha cbius yHuUBepcuTeT 3a moiydaBane Ha OKC ,bakanaBbp® (4 roauHu).
IIpes 2019 r. e 3aBbpmMi MarucTbpckara mnporpama ,llpunoxna Marematuka® B
VYuuepcurera Ha Enbacan, Anbanusl.

Ot 2021 r. Enmu [IlaGaHu € MOKTOpaHT B caMocTosATeNHa (opma Ha OOydeHHE IO
JIOKTOpCKa Tporpama ,,MaremMaTH4ecKu aHaiIM3“ KbM Karenpa ,,Maremarnka v (pu3uka“ Ha
[Ipupomo-marematudeckusi ¢akynrer Ha FOrosamamen ynHuBepcuteT ,,Heobut Pumcku®,
bnaroesrpan.

Ot 1986 r. paboTu Karo yduTesn Mo mMaremMatuka chboTBeTHO B J[penac (1986 — 1987),
Cxennepait (1987 — 1998) u Kiuna (2000 — monacrosimiem). OcBen ToBa ot 2016 T. e
aCHCTEHT 10 MaTeMaTuka B YHuBepcurera B [leu.

2. CpoTBeTCTBHE ¢ MUHMMAJIHHUTE HAaIIMOHAJITHU U3UCKBaHUA.

Hokropant Enmu [labanu vma 1Be cTaTMM TO TeMaTa Ha AWCEPTAlUATa, KOUTO ca B
ChaBTOPCTBO C HAy4YHUS PHKOBOAMTEN — Jo1l. AH Bacun ['po3ganos. [lpuemam, ue mpuHOCHT
Ha Envu [1laGanu B Te3u cratuu e paBHOCTOeH. EnHata cratus e mybiukyBaHa B Jlokinaau Ha
BAH (SJR 2024 — Q3), a npyrara e npuera 3a nmyonukyBane B Annual of Sofia University St.
Kliment Ohridski, Faculty of Mathematics and Informatics, u e 6b1¢ oTneyarana B Tom 112
(2025) na I'ogumiauk Ha CY — ®MU (SIR 2024 — Q4). JIBete criucaHus ca UHIESKCUPAHU B
SCopus, KOeTO MU J1aBa OCHOBaHHUE Jla 3aKJI0Ya, Y€ JOKTOPAHTHT HAIBIHO yIOBJIETBOPSBA
MHHHUMAJIHUTE HAIHOHAIHU M3UCKBaHus 1o wi. 20, ain. 2 u 3 Ha 3PACPB.



3. OCHOBHM HAYYHM M HAYYHO-TIPUJI0KHU NMPHUHOCH HA TUCEPTALUSATA.

[IpeacraBeHUAT AUCEpTALlMOHEH TPy € B 00JacTTa Ha PaBHOMEPHO Pa3Npe/ieeHuTe peauLU
¥ TPUIOKEHUETO Ha (QyHKuuoHanHata cucrema I'g kbM Teopusta Ha pPaBHOMEPHO
pasnpenenenutre peaunu U kBazu-MouTe Kapno wunterpupanero. uceprauuara Ha Enmu
[laGanu ce cbCTOM OT yBOJ, TPU IJIaBH, 3aKIIOYEHUE, NPUHOCH, CHHMCBK C IMyOIMKAaLUU Ha
JOKTOPAHTa U JIUTEparypa ¢ 67 U3TOYHHKA.

B yBOJa € onmcaHo HaKpaTKO ChABPKAHUETO Ha BCAKA €/1HA OT IJIaBUTE.

[IbpBaTa rnaBa MMa cromarareneH Xxapakrep. Tyk ca mpeacTaBeHH IeQUHHULUUTE U
CBOMCTBATa HA HSIKOU KJIACOBE (I)YHKIII/IOHaJIHI/I CHUCTEMH KaTo b-I/IqHa q)yHKIII/IOHaJ'IHa CHCTEMA,
mHOoromepHa KanrtopoBa cucrema Bs, MBIHM OPTOHOPMHUPAHH (DPYHKIIMOHAIHU CHUCTEMH,
TPUTOHOMETPUYHA (YHKIMOHAIHA CUCTeMa, (YHKIMOHAJIHA cHcTeMa Ha Yol (yHKIUUTE
ot pen b, pyukuonanna cucrema Ha Buienkun koHcTpyupana B Bs-nuna Kantoposa cucrema,
¢ynkunonanua cucrema I'g . Benuku pasriexnany GpyHKIMOHATHA CUCTEMH Ca KOHCTPYUPAHH C
nomortra Ha KantopoBa uncioBa cucrema. OCBEH TOBa, TyK ca MPEICTABeHHU HAKOM €JI€MEHTH OT
TEOpUATa HA PABHOMEPHO pA3NpPENCNCHUTE pPEOUIH KAaKTO W HSIKOM KOJINYECTBEHH
XapaKTePUCTUKN 32 HEPABHOMEPHOCTTA HAa PA3NPENEIICHHETO Ha pEeaul KaTo PA3INYHU
TUIIOBE Ha TUCKpenaHca U JuapoHUAITA.

BbB BTOpara riasa ca nokasaHu HAKOM NPUIOKEHHUS Ha QyHKIMOHANIHATa cuctema I'g kbM
TEOpHsTa Ha PAaBHOMEPHO paslpelesieHUTe penuiy. BbBeNeHO € MOHATHETO 32 MHOTOMEPHH
MozubuIMpany UHTErpanu Ha QpyHkuuute Ha cucremara I'p . Hsakon xnmacuyeckn pesynratu ot
TEOpHsiTa HA PAaBHOMEPHO pas3lpe/ielieHuTe peaniin kaTo HepaBeHCTBOTO Ha Jlesek (Teopema 2.1),
¢dopmynarta Ha Kokema (Teopema 2.2), HepaBeHcTBOTO Ha Epnpomr-Typan-Kokema (Teopema 2.3)
Y uHTerpanHus kputepuil Ha Baiin (Teopema 2.4) ca mpejcTaBeHHM B paMKWTE Ha BBHBEICHUTE
MOIU(HUIMPAHU HHTErpaiu. PesynraTture OT Ta3u TIjaBa ca MpHETH 3a MyOnIMKyBaHe B
lNogumnuka na Coduiickust yauBepcuteT — QakynTeT Mo MaTeMaTuka U nHopMaTuka.

Tperara riaBa pasriiex/a HAKOM NPUIOKEHUs Ha pyHKIMOHaNHaTa cuctema I'g B Teopusta
Ha kBasu-Monrte Kaprno wunTerpupanero B Co00neBH NPOCTPAHCTBA C MOPAXKIANIO SAPO.
BbBeeHO € NOHATHETO 3a CPEeIHOKBAJApaTHYHA TIpElIKa Ha HMHTETPUPAHETO, KOETO Ce
OCHOBaBa Ha aPUTMETHKA, CBbp3aHa ¢ ¢pyHkuuuTe Ha cucremara I'g . [Ipencrasenu ca Hakon

JIeTallI, CBBbP3aHM C ToBa TmoHsTHE. Pasrmemanm ca paBa tuna TtermoBu CoboreBu
MPOCTPAHCTBA C MOPAXKIAIIO SAAPO — HE3aKOTBEHW W 3aKOTBeHHW. J[OKa3zaHW ca TOYHHTE
dbopMynu 3a CpeJHOKBaJpaTHYHATa TpelIKa Ha HWHTErPUpPAHETO B TEe3W MPOCTPAHCTBA
(Teopemu 3.2 u 3.5, chOTBETHO). BbBeeHN ca MOHATHATA HE3aKOTBEHA TErNIOBa AnadOHHUS
(dedunnuusa 3.5 u Teopema 3.3) m 3akorBeHa TteryioBa auadonus (Hebununus 3.6 u
Teopema 3.6). CpenHokBapaTUYHHUTE TPEIIKM HA HWHTETPUPAHETO B Pa3rIIekKIaHUTE
MPOCTPAHCTBA Ca MPEACTaBeHHU 4pe3 ChOTBETHUTE Bepcuu Ha nuadonusta (Teopemu 3.4 u
3.7, cborBeTHO). EqHa yacT oT pesynaTatute B Ta3u TllaBa ca MyOJIMKYBaHU B CIUCAHHETO
Hoxkmnagn na BAH.

ABTOpe(l)epaT’bT MMpaBHUJIIHO OTpa3sdiBa OCHOBHHUTC PE3YJITATU W HAYYHHUTC INPHUHOCH Ha
AucepTanudaTa.

He cpMm YCTaHOBUJIA TUIAruaTCTBO WJIM HCAOCTOBCPHOCT HA MPCACTABCHUTC HAYUYHHU NJaHHU
B JUCCPTALITMOHHUSA TPYH.



4. KpuTH4YHHU 0es1e’KKHM M IPeNopPbKHU

ChbabpKaHHETO HE ChIbp)Ka ITBbJIHUTE HAMMEHOBAaHUS Ha TJIaBUTEe M maparpadure. Taka
HammpyMep IbpBa TIJlaBa OT JOUCepTalusITa ce Ka3Ba ,,Some preliminary notations and
statements”, a B chIBbpKAHMETO € HANHMCaHO camo ,,S0me preliminary notations”. B
HAaMMEHOBAHHMETO HA BTOpA TJ1aBa JIMICcBa Tekcta ,,uniform distribution of sequences u T.H.

Hsikon ot maparpadure B mbpBa riaBa karo Hanpumep 1.3.2, 1.3.3 u 1.4.2 ca npekaneHo

kparku. CuuTam, 4e € HEyMECTHO Jia Ce IPaBH OTJIeNIeH naparpad, KOUTO ChAbpKa caMo eHa
Teopema 0e3 10Ka3aTelCTBO.

B mnaparpadp 3.4 na crpanunmum 115 um 116 ce roBopu 3a MoHOrpadus BMecTO 3a
JicepTarusl.

B mpencraBeHuTe OT JOKTOpaHTa JOKYMEHTHM HE € CIIOMEHAaTo Ja € ydacTBajl B
KoH(pepeHuuu. Cuutam, ye anpoOUpaHeTo Ha MOIyUYEHUTE PE3YITaTH € U3KIIIOUUTEIHO BaXKHO
u npenopbuBaM JokTopaHT Enmu [labanu na mpeacrtaBu pe3yiTaTtuTe OT JUCEpTaLUsATa CU
Ha MOJIXOSIIN 3a TeMaTUKaTa KOHPEpEeHINH.

B zaxmouenne mie otbenexa, Ye aOCTpaxupalku €€ OT HAKOW HECHIIECTBEHU
TEXHUYECKU TpElIKH, Jucepranusita € opopmMeHa A00Ope M € HamucaHa Ha SICEH U TOYeH
MaTeMaTHYeCKU €3HK.

5. 3axkaouenue

Bcenuko kazaHo mo-rope mokasBa, 4e MPeACTaBEHUSIT AUCEPTAlMOHEH TPy OTroBaps Ha
KpUTEpUUTE M I[OKazaTelauTe 3a NpuaoOuMBaHe Ha oOpa3oBaTellHaTa M HayyHa CTENeH
,JOKTOP* CBINIACHO 3aKoHa 3a pa3BUTHE HAa aKaJeMUYHHUS ChcTaB B PemyOnuka bearapus
(BPACPB), IlpaBunnuka 3a npunarane Ha 3PACPB u BoTpemnunTe npaBuia 3a pa3BUTHE Ha
akanemuunus cberaB B FO3Y ,,Heodur Puncku®. ToBa mMu maBa ocHOBaHME Ja JaM CBOETO
MOJIOKUTEITHO CTAaHOBHILE U JIa TJIacyBaM ,,3A* IpUCHKIaHEeTO Ha oOpa3oBaTesHaTa U Hay4Ha
creneH ,,qokTop* Ha Exmu [1labanu.

Hara: 07.11.2025 . UJieH Ha KypHUTO:
/mon. n-p Mnunka JlumutpoBa/
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1. Biographical data.

Elmi Shabani was born in 1965 in the town of Klina, Kosovo. He graduated with a degree
Professional Bachelor (3 years) in Mathematics at the University of Pristina, Kosovo in 2005,
and in 2014 he continued his education in Mathematics at the same university to obtain a
Bachelor's Degree (4 years). In 2019, he completed a master's program in Applied Mathematics
at the University of Elbasan, Albania.

Since 2021, EImi Shabani has been a doctoral student in the independent form of study in
the doctoral program Mathematical Analysis at the Department of Mathematics and Physics of
the Faculty of Mathematics and Natural Sciences at South-West University "Neofit Rilski",
Blagoevgrad.

Since 1986, he has worked as a mathematics teacher in Drenas (1986-1987), Skenderaj
(1987-1998), and Klina (2000—present). In addition, since 2016, he has been an assistant
professor of mathematics at the University of Pécs.

2. Compliance with minimum national requirements.

Doctoral student EImi Shabani has two articles on the topic of his dissertation, co-authored
with his academic supervisor, Assoc. Prof. Vasil Grozdanov, DSc. | accept that EImi Shabani's
contribution to these articles is equal. One article has been published in Comptes Rendus de
I’Académie Bulgare des Sciences (SJR 2024 — Q3), and the other has been accepted for
publication in the Annual of Sofia University “St. Kliment Ohridski”, Faculty of Mathematics
and Informatics, and will be printed in volume 112 (2025) (SJR 2024 — Q4). Both journals are
indexed in Scopus, which leads me to conclude that the doctoral student fully meets the
minimum national requirements.



3. Main scientific and applied scientific contributions of the dissertation.

The presented dissertation is in the field of uniformly distributed sequences and the application
of the functional system I'_to the theory of uniformly distributed sequences and quasi-Monte Carlo
integration. EImi Shabani's dissertation consists of an introduction, three chapters, a conclusion,
contributions, a list of the doctoral student's publications, and a bibliography with 67 sources.

The introduction briefly describes the content of each chapter.

The first chapter is of an auxiliary nature. It presents the definitions and properties of some
classes of function systems such as b-adic function systems, multidimensional Cantor systems Bs,
complete orthonormal function systems, trigonometric function system, Walsh function system
of order b, Vilenkin functions constructed in Bs dimensional Cantor system, function system I'p_.
All functional systems considered are constructed using the Cantor number system. In addition,
some elements of the theory of uniformly distributed sequences are presented here, as well as some
quantitative measures for the irregularity of the distribution of sequences, such as different types
of discrepancy and diaphony.

The second chapter shows some applications of the function system I'z_to the theory of
uniformly distributed sequences. The concept of multidimensional modified integrals of the
functions of the system I'z_ is introduced. Some classical results from the theory of uniformly
distributed sequences, such as the LeVeque’s inequality (Theorem 2.1), the Koksma’s formula
(Theorem 2.2), the Erd6és—Turan—Koksma‘s inequality (Theorem 2.3), and Weyl’s integral criterion
(Theorem 2.4) are presented within the terms of the introduced modified integrals. The results of
this chapter have been accepted for publication in the Annual of Sofia University “St. Kliment
Ohridski”, Faculty of Mathematics and Informatics.

The third chapter examines some applications of the functional system I'g_ in the theory of
quasi-Monte Carlo integration in reproducing kernel Sobolev space. The concept of mean square
wort-case error of integration is introduced, which is based on arithmetic related to the
functions of the system I';_. Some details related to this concept are presented. Two types of
reproducing kernel weighted Sobolev spaces are considered — unanchored and anchored. The
exact formulas for the mean square wort-case error of integration in these spaces are proved
(Theorems 3.2 and 3.5, respectively). The concepts of unanchored weighted diaphony
(Definition 3.5 and Theorem 3.3) and anchored weighted diaphony (Definition 3.6 and
Theorem 3.6) are introduced. The mean square wort-case errors of integration in the considered
spaces are presented by the corresponding versions of the diaphony (Theorems 3.4 and 3.7,
respectively). Some of the results in this chapter have been published in the journal Comptes
Rendus de I’ Académie Bulgare des Sciences.

The abstract accurately reflects the main results and scientific contributions of the
dissertation.

| have not found any plagiarism or inaccuracy in the scientific data presented in the
dissertation.



4. Critical comments and recommendations

The table of contents does not contain the full titles of the chapters and paragraphs. For
example, the first chapter of the dissertation is titled "Some preliminary notations and
statements,"” but the table of contents only lists "Some preliminary notations”. In the title of the
second chapter is missing the text "uniform distribution of sequences”, etc.

Some of the paragraphs in Chapter 1, such as 1.3.2, 1.3.3, and 1.4.2, are too brief. | consider

it inappropriate to create a separate paragraph containing only one theorem without proof.

Paragraph 3.4 on pages 115 and 116 refers to a monograph instead of a dissertation.

The documents submitted by the doctoral student do not mention his participation in
conferences. | consider the approval of the obtained results to be extremely important and
recommend that doctoral student Elmi Shabani present the results of his dissertation at
conferences relevant to the topic.

In conclusion, I would like to note that, apart from a few minor technical errors, the
dissertation is well structured and written in clear and precise mathematical language.

5. Conclusion

Everything said above shows that the presented dissertation meets the criteria and
indicators for obtaining the educational and scientific degree "doctor” in accordance with the
Law on the Development of Academic Staff in the Republic of Bulgaria (LDASRB), the
Regulations for the implementation of the LDASRB, and the Internal Rules for the
Development of Academic Staff at SWU "Neofit Rilski”. This gives me reason to give my
positive opinion and vote "YES" for the awarding of the educational and scientific degree
"doctor" to EImi Shabani.

Date: 07.11.2025 Member of the scientific jury:
/Assoc. Prof. Dr. llinka Dimitrova/



